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Multivariate fractional Brownian motion MFBM

▶ Selfsimilarity: scale-free dynamics governed by a broad continuum of scales.
▶ Multivariate selfsimilarity: M-components

X(t) fdd
= aHX(t/a), H : Matrix of selfsimilarity exponents (1)

▶ Multivariate fractional Brownian motion [1]:

BΣ,H(t) =
[
BΣ,H1(t), . . . ,BΣ,HM(t)

]
, H = (H1, . . . ,HM), 0 < Hm < 1.

The components are correlated through the point covariance matrix

Σ = diag(σ2
1, . . . , σ

2
M)ρ diag(σ2

1, . . . , σ
2
M)

∗, (2)

where ρ is a semi-positive definite matrix of pairwise correlations.

W invertible mixing matrix, H vector of selfsimilarity exponent, Σ correlation matrix.

BW,Σ,H(t) := WBΣ,H(t)⊤. (3)

=⇒ H = W diag(H1, . . . ,HM)W⊤. (4)
▶ Goal: Jointly estimate H, W, Σ,

Analysis: Multivariate wavelet transform

▶ Let ψ0 be a compactly supported mother wavelet with Nψ vanishing moments. For an M-variate time
series Y , the multivariate wavelet coefficients are

DY (2j , k) =
∫
R

ψ(j , k)Y (t) dt , ψ(j , k) = 2−j/2ψ0(2−jt − k). (5)

▶ The multivariate wavelet spectrum is the collection of scale-dependent covariance matrices [2, 1]:

SY (2j) =
1
nj

nj∑
k=1

DY (2j , k)DY (2j , k)⊤. (6)

▶ For mfBm, wavelet coefficients reproduce selfsimilarity across scales:{
DBW,Σ,H(2

j , k)
}

k∈Z

fdd
=

{
W2j(H+1

2I)DBΣ,H(2
0, k)

}
k∈Z

. (7)

Key wavelet scaling relation

SBW,Σ,H(2
j)

d
= W2j(H+1

2I)SBΣ,H(2
0)2j(H⊤+1

2I)W⊤. (8)

Without mixing: power law → univariate estimator

E
(
Sm,m(2j)

)
= βm2j(2Hm+1) =⇒ ĤU

m =
1
2

 j2∑
j=j1

wj log2 Sm,m(2j)− 1

 . (9)

With mixing: mixtures → eigenvalues → multivariate estimator

E
(
Sm,m′(2j)

)
=

M∑
k ,k ′=1

αm,m′

k ,k ′ 2j(Hk+Hk ′+1). (10)

SY (2j) = Uj diag
(
λ1(2j), . . . , λM(2j)

)
U⊤

j =⇒ ĤM
m =

1
2

 j2∑
j=j1

wj log2 λm(2j)− 1

 . (11)

Demixing: optimization problem

▶ The proposed approach estimates the selfsimilarity parameters, the mixing matrix, and the
scale-normalized covariance structure by fitting the multivariate wavelet spectra across scales.(

Ĥ
(o)
, Ŵ(o), Ŝ(o)

)
= argmin

H,W,S
L(H,W,S). (12)

▶ The loss compares the observed wavelet spectrum to the mfBm model at each scale j ∈ J :

Log-Euclidean multiscale loss

L(H,W,S) =
1
|J |

∑
j∈J

∥∥∥ logSY (2j)− log
(

W2j(H+1
2I)S2j(H+1

2I)W⊤
)∥∥∥2

F
. (13)

▶ For S = U diag(λ1, . . . , λM)U⊤, matrix logarithm is logS = U diag(log λ1, . . . , log λM)U⊤.
▶ The matrix logarithm turns algebraic growths into linear growths, so that all scales contribute to

estimation.
▶ The minimization is performed jointly over H, W, S = SBΣ,H(2

0),
using a Quasi-Newton method with BFGS updates and cubic line search, as implemented by MATLAB
fminunc.

Experiment setup

▶ Estimation performance is quantified by Monte Carlo simulations with N = 100 realizations of mfBm
sample paths of length n = 218, for several configurations of (H,Σ,W).

▶ Wavelet analysis is performed using a Daubechies-3 least asymmetric orthonormal wavelet, with
scales J = (3 : 15)

▶ The optimization is initialized as follows: H from eigenvalue-based regression, W from eigenvectors of
SY (2j) at the largest scale, and SBΣ,H(2

0) as diagonal.

▶ The quality of Ŵ is measured with Mixing Error Ratio (MER); the quality of Ĥ is measured by bias,
variance, and rMSE.

Results: Monte Carlo simulations

▶ Notation. Ĥ
U
pre and Ĥ

M
pre are obtained from the original mixed data Y . Ĥ

U
post and Ĥ

M
post are obtained from

the demixed data
Ỹ = (Ŵ(o))−1Y .

▶ 4-variate proof of concept. H = (0.3,0.5, 0.7, 0.9), a non-diagonal Σ, and a mixing matrix W with high
condition number, making the demixing task more demanding.

Boxplots for the estimates of H across 100 realizations of mfBm.

▶ Effect of differences in selfsimilarity. Performance is studied as a function of ∆H = H2 − H1, with

W =

[
1 0.4

0.5 1

]
and Σ =

[
1 0.7

0.7 1

]
.

MER for Ŵ(o) and rMSE for H as functions of ∆H.

▶ Conditioning of W and correlation level. A bivariate setting uses fixed (H1,H2) = (0.6,0.8), with
ρ ∈ (0,0.3, 0.5,0.8) and W ranging from diagonal to close to non-invertible.

Reciprocal of the conditioning number (log10)

ρ 0.0 -0.5 -1.0 -1.3 -1.4 -1.5 -1.6 -1.7
0.0 20.1 (10.7) 24.0 (13.1) 33.8 (10.2) 38.2 (15.7) 26.3 (22.4) 14.6 (18.2) 9.7 (12.3) 10.0 (12.6)
0.3 20.8 (9.1) 26.1 (10.7) 31.5 (11.0) 34.1 (18.4) 25.3 (22.0) 16.6 (19.5) 9.2 (11.7) 11.6 (15.6)
0.5 18.8 (10.0) 24.5 (10.4) 32.9 (10.6) 38.4 (18.0) 24.4 (22.5) 15.1 (18.1) 9.5 (10.9) 10.1 (12.6)
0.8 22.4 (10.2) 23.7 (10.7) 33.9 (11.3) 39.7 (14.3) 27.3 (22.5) 16.3 (19.4) 9.8 (12.5) 10.8 (14.0)

▶ Federal Reserve Economic Data. The estimation strategy is applied to a pair of monthly
macroeconomic time series from FRED-MD [3]. The unmixing procedure is applied using
J = (2, . . . , 7), corresponding to time scales from 2 to 128 months.

Pairs of time series: mixed (top) and unmixed (bottom).

From the estimated mixing matrix,

Ŵ(o) =

[
0.76 0.20
0.65 0.98

]
,

one can construct demixed time series.

Mixed Demixed

Ĥ
U
pre Ĥ

M
pre Ĥ

(o)
Ĥ

U
post Ĥ

M
post

X1 0.50 0.29 0.27 0.30 0.27
X2 0.55 0.54 0.56 0.55 0.55

Estimated selfsimilarity parameters before and
after demixing.

Conclusion and Future Work

▶ The proposed wavelet-based demixing procedure jointly estimates H, W, and Σ.
▶ Monte Carlo simulations show improved estimation of H and effective recovery of the mixing matrix W.
▶ The main limitation is the need for sufficiently distinct selfsimilarity parameters.
▶ Future work will address larger dimensional settings and further exploit the joint statistical structure of

multivariate selfsimilarity.
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